Abstract. This note revisits the inverse mean curvature flow in the 3-dimensional hyperbolic space. In particular, we show that the limiting shape is not necessarily round after scaling, thus resolving an inconsistency in the literature.
Introduction
Let (H 3 ,ḡ) be the 3-dimensional hyperbolic space with the metric g = dr 2 + (sinh 2 r)σ in the (r, θ) coordinates, where σ = σ ij dθ i dθ j is the standard metric on S 2 . We show that there exists a star-shaped mean convex 2-surface Σ 0 in H 3 such that the inverse mean curvature flow with Σ 0 as the initial surface does not converge to a round sphere (of constant curvature) after scaling. Such an example on an asymptotic hyperbolic 3-space with positive mass was constructed by Neves [9] to demonstrate the impossibility of proving the hyperbolic Penrose inequality by the method of the inverse mean curvature flow. However, in [4, Theorem 1.2 and 6.11] it was claimed that the inverse mean curvature behaves better on the hyperbolic 3-space and deforms the induced metric on the surface to a round one after scaling. We show by a concrete example in this note that the claim does not hold true. More precisely, we prove: The construction in [9] relies on the positivity of the limit of the Hawking mass. However, in the hyperbolic case, the Hawking mass always limits to zero along the inverse mean curvature flow. We introduce a new geometric quantity (modified Hawking mass) to handle this degenerate phenomenon.
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A new monotonicity formula for the inverse mean curvature flow is discovered along the way.
The result in this paper affirms that the limiting behavior of the inverse mean curvature flow depends distinctively on the structure of the end at infinity. For an (asymptotically) Euclidean end, the limiting shape is always round and this fact plays a critical role in the inverse mean curvature flow proof of both the Riemannian Penrose inequality [7] and quermassintegral inequalities [6] . In the asymptotically hyperbolic case, it is already demonstrated by Neves [9] that the limiting shape is not necessarily round. We show that even in the hyperbolic case when the Hawking mass degenerates, this phenomenon persists. A new strategy relying on the conformal structure and the Sobolev type inequality on the sphere at infinity was devised in [1, 2] to tackle this difficulty and to obtain Penrose-Gibbon inequalities in the asymptotically flat case. Such a strategy has been further developed by several authors [5, 8] to solve related problems.
A modified Hawking mass and its monotonicity along the inverse mean curvature flow
We recall the Hawking mass for a closed embedded surface Σ in H 3 :
By the Gauss equation in H 3 , we have H 2 − 4 = 4K + 2|Å| 2 , where K is the Gauss curvature of Σ andÅ is the traceless part of the second fundamental form A with |A| 2 = |Å| 2 + 1 2 H 2 . Therefore, one rewrites
In this article, we consider a modified quantity
Though the scaling ofm(Σ) is no longer the same as a mass, we call it the modified Hawking mass in this note. Consider the inverse mean curvature flow Σ t of a closed embedded surface Σ 0 , which deforms the surface in the normal direction with speed 1 H . In the following, we compute the evolution equation of the modified Hawking mass m(Σ t ). The evolution equation for mean curvature is
We compute
Taking into account of ∂ ∂t dµ t = dµ t and integrating by parts, we obtain
In view of (1),
We thus obtain the following proposition:
Along an inverse mean curvature flow Σ t , the modified Hawking massm(Σ t ) satisfies the following evolution equation:
The construction
We consider a family of star-shaped surfacesΣ s ⊂ H 3 that are described in the (r, θ) coordinates by
for a smooth functionr(θ, s) on S 2 ×R + . We assumer(θ, s) is of the following asymptotics as s → ∞:
where c is a constant and f is a function on S 2 . Consider a new function
ϕ be covariant derivatives with respect to the round metric σ. Let | · | σ be the norm corresponding to σ. Let
be the induced metric ofΣ s and h ij be the second fundamental form ofΣ s . Denote v = 1 + |Dϕ| 2 σ and the area form of g ij is det g = sinh
h i j = g ik h kj can be expressed in terms of ϕ: 
is the inverse of σ ij + ϕ i ϕ j . It is more convenient to express all terms inr now. We have
and
On the other hand, we compute
where
In particular, lim s→∞m (Σ s ) ≤ 0 and the equality holds if and only if e −f is a linear combination of constants and first eigenfunctions of S 2 . On the other hand, the limit of the rescaled induced metric is
In the view of the following lemma, the proof is complete. SO(n, 1) . By direct computation, for each φ in the conformal group we have
where a 0 , . . . , a n are some constants and X i , i = 1 · · · n are the first n eigenfunctions of S n−1 . On the other hand, if e 2f σ has constant sectional curvature, it can be realized as φ * σ for a conformal diffeomorphism φ [10, Theorem 6.1.2]. The assertion follows.
3.1. Proof of Theorem 1. Pick a functionf on S 2 such that
whereD 2 e −f is the traceless part of the Hessian of e −f . LetΣ s be the family of surface described by r = s +f (θ) in the (r, θ) coordinates. From the analysis in the last section, we have
Consider the inverse mean curvature flow Σ s t withΣ s as the initial surface, where t is the flow parameter. Neves [9, Theorem 3.1] proved that for s large enough, the following estimates hold for Σ s t :
where the constant C does not depends on s. Therefore,
where |Σ s t | = |Σ s |e t is used. Pick s 0 large enough such that:
2 , which is possible by (6) . On the other hand, by the analysis in [3, 4] we know that starting from a mean-convex star-shaped surface, the solution of inverse mean curvature flow Σ t exists for all time and the surface Σ t is given as the graph of
for a smooth function f (θ) on S 2 as t → ∞. We can apply Proposition 3 to conclude that Σ t does not converge to a round sphere after scaling.
3.2.
Inverse mean curvature flows in the ball model. We consider the ball model of the hyperbolic metric 1
which can be turned into the form
by the change of variable
Therefore, a solution of the inverse mean curvature flow defined by the radial function r =r(θ, t) = t 2 + f (θ) + o(1) in the (r, θ) coordinates is the same the family of surfaced defined by ρ = u(θ, t) in the (ρ, θ) coordinates, where u(θ, t) = 2 − 4 er (θ,t) + 1 .
In particular, lim
Our result indicates that f does not have to be a linear combination of constants and first eigenfunctions of S 2 . This should be compared with the claim in [4, Theorem 1.2 and 6.11].
The higher dimensional case
In this section, we show that the same conclusion holds in higher dimensions, i.e. there exists a star-shaped mean convex hypersurface Σ 0 in the n dimensional hyperbolic space H n for n ≥ 4 such that the inverse mean curvature flow with Σ 0 as the initial data does not converge to a round sphere (of constant sectional curvature) after scaling. Let (H n ,ḡ) be the hyperbolic space with the metricḡ = dr 2 + (sinh 2 r)σ, where σ is the standard metric on S n−1 . For a closed hypersurface Σ in H n , we consider the quantity: Now we turn to the inverse mean curvature flow. We need the following lemma concerning the evolution of |Å| 2 .
Lemma 6. The following equation holds along the inverse mean curvature flow of a hypersurface in H n :
H ,
